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Abstract-we consider the second-order advanced functional difference equation: 
A(a(n)Mn)) +p(Mg(n)) = 0, 
where a(n) > 0, Crk”=,,,(l/a(e)) = co, p(n) L 0, p(n) f 0, g(n) 2 n + 1, {g(n)} is a monotone 
inMing integer sequence. We obtain some new oscillation criteria through an appropriate Riccati 
equation. @ 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Consider the second-order advanced functional difference equation: 
where a(n) > 0, Cr=,_ (i/o(s)) = 00, p(n) 2 0, p(n) f 0, 9(n) 2 n + 1, n 2 0, {g(n)} is a 
monotone increasing integer sequence. A is the forward difference operator, AZ(n) = z(n + 1) - 
x(n). 
Notice that the difference equation: 
A(a(n)Ax(n)) + p(n)x(n + 1) = 0 (1.2) 
is a special case of (1.1). 
By a solution of (l.l), we shall always mean a nontrivial sequence {z(n)} that satisfies (1.1) 
for all n = 0, 1, . . . . A solution {z(n)} of (1.1) is called oscillatory if for any m E N = (0, 1,2. . . } 
there exists an n 2 m such that x(n)x(n + 1) 5 0. Otherwise, it is called nonoscillatory, i.e., a 
solution of (1.1) is called nonoscillatory if it is eventually negative or positive. 
Recently, there has been a lot of interest in studying the oscillatory behavior of difference equ~ 
tions, see, for example [l-5]. They have mainly concerned with the oscillation and nonoscillation 
of solutions of (1.2) (see, for example, [S]). The advanced equations have wide use. For example, 
the population of the future limit to population growth can be described through (1.1). In this 
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paper, we discuss the oscillation of solutions of (1.1). We obtain some necessary and sufficient 
conditions for (1.1) to have nonoscillatory solutions. We also obtain some better sufficient con- 
ditions for (1.1) to be oscillatory. They are more delicate criteria. We establish the relation 
between the oscillation of (1.1) and the oscillation of (1.2) and also obtain a comparison theo- 
rem between more general equations. Our results extend some results for functional differential 
equations to functional difference equations. In this paper, the details of the proofs of results 
for nonoscillatory solutions will be carried out only for eventually positive solutions, since the 
arguments are similar for eventually negative solutions. 
2. LEMMAS 
In this section, we prove some lemmas that will be useful in obtaining our main results. 
LEMMA 2.1. Suppose z(n) is a nonoscillatory solution of (IA), tben z(n)Az(n) > 0 boids for 
sufficiently large n. 
PROOF. Since z(n) is a nonoscillatory solution, {g(n)} is a monotone increasing integer sequence, 
we can sssume that there exists no E N (W denotes the set of natural numbers) such that 
z(n) > 0, z(g(n)) > 0, for all n 2 no. 
From (l.l), we obtain 
A(a(n)Az(n)> = -p(n)&(n)) 5 0. 
Hence, {a(n)Az(n)} is a monotone nonincreasing sequence. If there exists nl E N and nl 5 no 
such that Az(nl) 5 0, then from p(n) f 0, there exists n2 2 nl, such that 
a(n@r(n,) < a(n 5 0. 
For n > n2, we have 
or 
a(n)Az(n) L a(nz)Az(n& 
Summing this from n2 to n - 1, we get 
or 
n-1 a(n2)Az(nz) 
z(n) 5 dn2)+ C 
*=na G(S) ’ 
n-l 
z(n)< z(n2)+4n2)Wnz)x Le 
nl 44 
from C&JWs)) = oo and a(nz)Az(nz) < 0, we have 
lim z(n) = 40. 
n+al 
This is a contradiction. Thus, Ax(n) > 0, z(n)Az(n) > 0. This completes the proof of 
Lemma 2.1. 
LEMMA 2.2. Assume (1.1) has a nonoscillatory solution z(n) > 0. Let u(n) = (u(n)Az(n)/z(n)), 
then u(n) > 0 holds for sticiently large n. In addition, u(n) satisfies 
lim U(n) = 0, n-00 
&(S) “5’ (1+ $$) < 00, 
n 8 
c O” 4s + lb(s) < o. 44 9 n 
(24 
(2.2) 
(2.3) 
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and 
u(n) = -&I(s) “(j-y (1 + g> + 2 ds f;(lgr(s). 
n * n 
PROOF. By Lemma 2.1, it is easy to prove that there exists no 2 0 such that for n 2 no 
By definition of u(n), we have 
u(n) = a(n)*x(n) > 0 
x(n) * 
x(n + 1) - x(n) n(n) 
x(n) =O(n)’ 
Thus, 
x(n + 1) 
44 
=l,$$. 
n-1 x(5 + 1) 
I-I 
no 
-=~(1+f$), 
4s) 
x(n) = xync) nfi (1 + $) - 
n0 
Au(n) = 
cr(n + l)Ax(n + 1) a(n 
x(n+l) - x(n) 
= a(n + l)Ax(n + 1)x(n) - a(n)Ax(n)x(n + 1) 
x(n + 1)x(n) 
= x(n + l)A(a(n)Ax(n)) - a(n + l)Ax(n + l)Ax(n) 
x(n + 1)x(n) 
= -p(n)x(g(n))x(n + 1) _ a(n + l)Ax(n + l)Ax(n) 
x(n + 1)x(n) x(n + 1)x(n) 
= _p(n).z(g(n)) 4n + WWn + 1MnPW4 -_ 
x(4 x(n + 1)x(n)+) 
Therefore, 
Au(n) +p(r~)~‘E’ (1 + $$) + u(n i(Ly(n) = 0. (2.5) 
n 
Summing this from nl 2 no to n - 1, we get 
(2.4) 
(2.6) 
F’rom (2.5), we have 
Au(n) < 0. 
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Using u(n) > 0, we get 
From (2.6), we have 
OIi@nnu(n)=l<oo. 
&(s)gE1 (I + $$) < 00, 
n S 
and 
c 
00 u(s + f)‘ll(s) < o. 
n o(s) 
If I> 0, then there exists 122 2 ni such that 
u(n+ l)u(n) 2 f 
0 
2 l2 
= 4 
holds for n > n2. 
Therefore, Ci;‘(u(s + l)u(s)/a(s)) 2 Ci;‘(12/4a(s)) + cc as n + 00. 
This contradicts the fact that C,“, (~(5 + l)u(s)/a(s)) < co. 
Thus, lim,,, u(n) = 0 and 
This completes the proof of Lemma 2.2. 
Define a sequence {am(n)}, m = 0, 1,2, . . . as follows: 
00 
so(n) = CP(S), 
n 
wherem=l,2,.... 
(2.7) 
The a,(n) are defined so long ss they are finite. Then, by induction, we obtain that a,+i(n) 2 
a,(n) > 0 and lis,, o,(n) = 0 if they are defined, where m = 1,2,. . . . 
LEMMA 2.3. Equation (1.1) has nonosciUatory solutions if and only if there exists a positive 
sequence {u(n)) such that li%,oo u(n) = 0, Au(n) < 0, and 
PROOF. If equation (1.1) has a nonoscillatory solution z(n), define u(n) = (a(n)Az(n)/z(n)). 
Then, by Lemma 2.2 and its proof, we have u(n) ---t 0 as n --t co, Au(n) < 0, and (2.8) holds. 
Conversely, if there exists a sequence {u(n)} such that (2.8) is satisfied, u(n) + 0 as n --$ 00, 
and Au(n) < 0, then u(n) > 0. Moreover, 
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and by induction, we can easily obtain that 
44 2 %n(n>, form= 1,2,.... 
Hence, there exists finite limits 
lim a,(n) = o(n) < 00, m--rcu 
for every n E N. By Levi monotone convergence theorem and (2.7), let m + co, we have 
Let 
Then. 
Ax(n) = &)x(n) 
o(n) ’ 
and 
A(a(n)Ax(n)) = A a(n) “‘$n”,‘“)) 
= 444x(n)) 
= cr(n + l)Ax(n) + x(n)Acu(n). 
so 
W(GWn)) + p(nbMn)) 
= o(n + l)Ax(n) + x(n)Acy(n) + p(n)x(g(n)) 
= ct(n + l)Ax(n) + z(n) -p(n) “‘E’ (I+ $$) - a(n i(l’y(n) 1 + dMd4) n 
=a(n+l)Az(n)-s(n)p(n)‘(E’ (l+~)-x~n)a’n~~~‘n’+,(,,g’~l (I+$$) 
n .Y=*o 
= a(n + l)Ax(n) - x(n) a(n + l)a(n) 
o(n) 
= cu(n + 1) Ax(n) - x(n)44 
o(n) > 
= 0. 
Hence, x(n) is a positive nonoscillatory solution of (1.1). 
This completes the proof of Lemma 2.3. 
3. MAIN RESULTS 
THEOREM 3.1. Suppose (1.1) satisfks czp(s) = 00, then (1.1) is mcidatory. 
PROOF. If not, then there exists a nonoscillatory solution of (1.1). Without loss of generality, we 
assume x(n) > 0 for n 1 no. By Lemma 2.1, we have Ax(n) > 0. Hence, {x(n)} is a monotone 
increasing sequence. Summing both sides of (1.1) from no to n - 1, and get 
o(n)Ax(n) - o(no)Ax(no) + nfp(n)x(g(n)) = 0, 
n0 
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01 
n-l 
c p(+o(4) = +o)A+o) - a(nVNn>. 
no 
Since, g(ns) 5 g(n), o(g(no)) I 2(9(n)), it follows that 
n-l n-l 
c p(Wg(~)) 5 c p(nbMn)) = 4no)A4no) - 4444 < +o)Wno), 
no no 
which contradicts the fact that CE p(s) = 00. 
Thus, (1.1) is oscillatory. This completes the proof of Theorem 3.1. 
EXAMPLE. Consider the equation 
A2z(n) + +(g(n)) = 0, 
where g(n) > n + 1, n 2 0, {g(n)} is a monotone increasing integer sequence. Here, a(n) = 1 > 0, 
p(n) = 1/n > 0, C,“,(l/44) = 009 c,“, P(S) = c; l/s = 00, so this equation is oscillatory. 
REMARK. We can prove Theorem 3.1 by using Lemma 2.2. 
As in the proof of Lemma 2.2 and Lemma 2.3, we get the following theorem. 
THEOREM 3.2. Equation (1.1) has nonoscillatory solutions if and only if equation (2.4) has an 
eventually positive sequence {u(n)} satisfying Au(n) < 0 and u(n) + 0 as n + co. 
THEOREM 3.3. Equation (1.1) has nonoscillatory solutions if and only if every a,(n) in (2.7) is 
defined and lim,,,cr,(n) = o(n) < 00. 
PROOF. Suppose z(n) is a nonoscillatory solution of (1.1). Without loss of generality, assume 
that z(n) is eventually positive. 
Let u(n) = (a(n)Az(n)/o(n)). 
By Lemma 2.3, there exists a decreasing sequence {u(n)} such that u(n) --$ 0 as n -+ co and 
Consequently, by the proof of Lemma 2.3, we have 
u(n) 2 ~+qg(fil (1+ 3) + 2 ao(s ,,;ao(sJ = al(n), 
n .a n 
and, by induction, we can easily obtain that 
u(n) 2 am+l(n) = &s) “(El (1+ +> + 2 crm(s ;(;;am(s). 
n * n 
Hence, (2.7) is bounded, so 
lim o,(n) = o(n) < co. 
m-w 
Conversely, if 
lim o,(n) = o(n) < 00, 
m-m 
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then from am+l(n) 2 a,(n), we get 
(Y(n) 2 &n(n), m= 1,2,.... 
Using Levi monotone convergence theorem, we have 
a(n) = f-p(s)“(gl (1+ $$) +F a(s;(ys), 
Aa = ,(n) “j$’ (1 + $$) - 
n 
a(n + l)a(n) < 0 
TA a(n) ’ 
lim a(n) = 0. n-boo 
By Lemma 2.3, we obtain (1.1) has nonoscillatory solutions. 
This completes the proof of Theorem 3.3. 
Restating Theorem 3.3 as sufficient conditions for (1.1) to be oscillatory, we have the following 
THEOREM 3.4. If one of the following conditions holds, then (1.1) is oscillstory. 
(1) There exists mo 2 1 such that cr,,(n) in (2.7) is not defined. 
(2) Every a,(n) in (2.7) is defined, but for any nl E N, there exists 9x2 E El, n2 2 nl, such 
that lim,,, ~,,Jnz) = 00. 
EXAMPLE. Consider 
A($AW) +-+(n))=O, 
where g(n) 3 n + 1, {g(n)) is a monotone increasing integer sequence. 
Clearly, a(n) = l/n3 > 0, Cz”=,, l/u(s) = Cz”=,, s3 = co, p(n) = (l/n2) 2 0, and p(n) f 0. 
al(n) = gp(S)g($l (1+ #) + 2 ao(s ~(~~ao0 
>&&I(s)g(~l(l+~) 
n 
i.e., al(n) is not defined. By Theorem 3.4, (1.1) is oscillatory. 
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REMARK. In Theorem 3.3 and Theorem 3.4, we have extended the results in [7] to discrete 
equations. 
THEOREM 3.5. If (1.1) has nonoscillatory solutions, then (1.2) has nonoscillatory solutions. 
If (1.2) is oscillatory, then (1.1) is oscillatory. 
PROOF. If (1.1) h as nonoscillatory solutions, by Lemma 2.3, there exists a positive sequence 
{u(n)} such that (2.8) is valid. 
From g(n) 2 n + 1, we have 
By Lemma 2.3, equation (1.2) has nonoscillatory solutions. 
This completes the proof of Theorem 3.5. 
Using a similar method, we can get the more general comparison theorem. 
Let 
A(r(nNWn)) + q(nb(+n)) = 0, (3-I) 
where r(n) > 0, Cz”=,,,(l/r(s)) = co, q(n) > 0, q(n) $ 0, T(n) 2 n + 1, n 2 0, {T(n)} is a 
monotone increasing integer sequence. 
THEOREM 3.6. Assume r(n) L a(n), q(n) < p(n), T(n) 5 g(n) for n 2 no. If (1.1) has nonoscil- 
latory solutions, then (3.1) has nonoscillatory solutions. If (3.1) is oscillatory, then (1.1) is 
oscilatory. 
PROOF. Since equation (1.1) has nonoscillatory solutions, it follows from Lemma 2.3 that there 
exists a positive sequence {u(n)} such that (2.8) is valid. 
By Lemma 2.3, we get (3.1) has nonoscillatory solutions. 
Thii completes the proof of Theorem 3.6. 
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